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Abstract 

For solving third order ordinary differential equations, this work discusses a numerical integrator 

with continuous coefficients. For the approximate solution of the differential equations, a 

combination of power series and exponential function has been employed as the basis function in 

the formulation of the integrators. To produce a system of linear equations, the approximation 

solution and the accompanying differential system were interpolated and collocated, 

respectively. The method developed is accurate to a high order, stable, and convergent, making it 

suited for the integration of stiff systems of initial value problems of odes.  The idea of creating 

initial values with a lower order of accuracy than the main scheme was avoided in this study by 

providing the same order of accuracy as the main technique. The integration identities as equal 

areas under the various segments of the solution curves over the integration intervals brought to 

the natural retention of symmetry as a result of this novel idea. The application of this newly 

discovered multistep integration method to a number of well-known issues in the literature yields 

correct results at a cheap cost of computing. When compared to previous methods, the results 

appear to be more accurate. 

 

Keywords: Predictor-Corrector method, Linear multistep, continuous scheme, Hybrid method, Third 
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1. Introduction 

Integration of third-order differential equations of the form  

  0 0 0 1 0 2, , , , ( ) , ( ) , ( )y f x y y y y x y x y x                       (1) 
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where [ , ]y C a b  and f  are continuous function of , ,x y and derivatives of y  is a topic of 

great interest in a variety of scientific fields, including fluid dynamics, electromagnetic waves, 

and gravity driven flow. The traditional approach of solving (1) is to reduce it to an analogous 

system of first-order system of initial value problems (ivps) of ordinary differential equations of 

the form 

 , , ( ) ; , , , [ , ]ny f x y y a a x b x y R f C a b                       (2) 

for any appropriate numerical method such as Euler’s and Runge-Kutta methods to solve the 

resultant system reported in [1-5]. The method's downsides have been claimed to include 

computational burden, intricacy in designing computer programs and resulting computer time 

waste, and the method's inability to use additional information associated with a given ODE, 

such as the oscillatory nature of the solution [6]. The increasing dimension of the issue, as well 

as the low level of accuracy of the methods used to solve the system of first-order IVPs of ODEs, 

have resulted in these recognized drawbacks. 

As a result of these difficulties, authors have recently attempted to formulate numerical 

algorithms capable of directly solving problem (1) using various methods of derivation with 

varying degrees of accuracy, such as [7-9].   

The implicit LMM requires the establishment of initial values before it can be used to solve 

issues. The predictors are the algorithms that generate beginning values, while the corrector is 

the implicit linear multistep method itself. The Predictor-Corrector approach is the name given to 

the combination of the two when employed to produce a numerical solution to a specific 

problem. 

This technique is repeated until all of the desired results are achieved. The beginning values for 

the scheme were then expanded using Taylor's series expansion. 

[10, 11] presented algorithmic collocation and p-stable linear multistep methods for solving 

fourth and third order ODEs, respectively, in constructing a predictor to start the corrector in the 

predictor-corrector. [12] developed explicit LMMs by omitting collocation in the k-step 

technique, and the predictors' order is lower than the correctors' order. The use of lower order 
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predictors to perform the scheme published by [13] is the key disadvantage of this strategy as 

stated in the literature.  

The development of an explicit linear multistep method whose order is the same as the order of 

the method (corrector) as this has a beneficial effect on the accuracy of the methods is a simple 

way to determine  ( )n

n iy  , which is the predictor to the numerical solution of the nth  order 

beginning value [14]. 

For the creation of a continuous hybrid linear multistep technique for direct solution of problem 

(1) in this work, a combination of power series and exponential function was employed as the 

basic function in creating the interpolation and collocation equations.

2. Materials and Methods 

The development of continuous implicit four-point hybrid methods for the solution of IVPs of 

higher order ODEs is described in this section. The goal is to use a combination of power series 

and exponential functions of the type (3) to approximate the solution ( )y x  of equation (5) in the 

partition  [ , ] 0[ ]a b na x x b        of the integration interval[ , ]a b . 

1

0 0

( )
!

j jc i c i
j

j c i

j j

x
y x a x a

j

  



 

                             (3)    

The main function for the creation of the approach is Equation (3), where c  and i  are the 

number of collocation and interpolation points respectively, 'ja s  are to be found. 

Equation (3) generates a differential system, which is written as 

31
3

3 3

( ) ( 1)( 2)
( 3)!

j jc i c i
j

j c i

j j

x
y x j j j a x a

j

   




 

    


                         (4)    

Equations (3) interpolated at both grid and off-grid points, , 0(1/ 2) 1n ix x i k    while 

equation (4) is collocated at all grid points, , 0(1) ,n ix x i k x R   , where R is the set of real 

numbers. The matrix equation (5) represents the system of equations 

generated from the aforementioned interpolation and collocation. 

Ax B   (5)
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Solving (5) for 'ja s  and substituting their results into (2) using the transformation in 

Obarhua and Adegboro [15], 1

1 1
( ),n k

dt
t x x

h dx h
     and simplifying the result gives a 

continuous hybrid four-step method (3S4PHM) 

 
1

3

1 2 3 4

0 0

( ) ( ) ( ) ( ) ( ) ( ) ( )
k k

j n j n r n s n u n v j n j

j j

y t t y t y t y t y t y h t f     


     

 

               (6) 

Taking 3k  , the continuous coefficients ' , ' , 'j j js s s    and their respective first and second 

derivatives can be calculated as follows: 
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The values of t  could be taken anywhere in the interval  0,1I   to get a discrete scheme, 

however in this paper, we use 1t   in (6) to get a zero-stable method and its derivatives. 

 

1 2 1 2

3 3

3

7 8

3 3

3

1 2 3
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                        (12) 

respectively. 

The method (10) and its derivatives (11) and (12) are in the same order and are 8p  . Equation 

(10) error constant is discovered to be
7

3 7.0408 10pC 

    .  
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[16] established that the approach is consistent and zero stable, and that it meets the necessary 

and sufficient conditions for linear multistep procedures to converge. 

3. Derivation of starting values for the method 

Additional closed starting values are required for the sample open discrete method (10) and its 

derivatives (11, 12). The primary closed predictors of the same order of accuracy as initial values 

for , 3, ,n if i k    are aimed for in this study. As described in section 2, the predictor and its first 

and second derivatives are created using a mix of power series and exponential function as a 

basic function. We find the following closed methods that are both consistent and zero stable. 
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The main predictor (13) and its derivatives (14) and (15) are both of order 8 with 

absolute error constants 
8 6

3 39.7188 10 , 2.1802 10p pc C 

      and 
5

3 3.0415 10pC 

    

respectively. Taylor’s series expansion was adopted to evaluate 1

3
n

y


 and 2

3

.
n

y


 

4. Numerical Experiments 

The usability and accuracy of the derived method is confirmed with linear and non-linear third 

order ordinary differential equations and the results are compared with the results of existing 

methods.  

Problem 1 

4 , (0) 0, (0) 0, (0) 1,

0.1

y y x y y y

h

       


 

Theoretical solution: 
23 1

( ) (1 cos 2 )
16 8

y x x x    

Table 1 shows the absolute error obtained comparing with an order 9 method in [18] for same 

values of N (total number of sub intervals TS) and end point of integration, b. the errors in new 

method demonstrates the efficiency and good accuracy of the method. 

Problem 2 

, (0) 3, (0) 1, (0) 5, 0.1xy e y y y h        

Theoretical solution: 
2( ) 2 2 xy x x e    

The errors for this problem are compared with [18], where a hybrid block method of order nine 

and step number five was presented in Table 2. The basis for comparison is in terms of high 

order and the step number yet the new method performed better than the method [18]. 

Problem 3 

3sin , (0) 1, '(0) 0, ''(0) 2,

0.1

y x y y y

h

     


 

Theoretical solution: 

2

( ) 3cos 2
2

x
y x x    

Table 3 shows the comparison of the maximum errors of the new method and method [19] with 

high order nine with same step number three. The results show that the new method appreciates 

more than [19]. 
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Problem 4   

1
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Table 4 shows the error for Problem 4 using the new method and compared with hybrid method 

[20] with order six and step number eight 6, 8p k  . 

 

Problem 5: (The Famous Blassius Equation) 

2 0, (0) 0, (0) 0, (0) 1y yy y y y         

No theoretical solution 

Table 5 shows the comparison of the computed solution of the new method with that of [20], 

6, 8p k  , at twelfth decimal point. 

Problem 6 

( ) ( ) 0, (0) 0, (0) 1, (0) 2, [0, 1]y x y x y y y x          

Theoretical solution: ( ) 2(1 cos ) siny x x x    

Table 6 shows the numerical solution and the maximum error 
c exy y  of Problem 6 when 

solved by the new method. 

Problem 7 

2 2 , (0) 1, (0) 2, (0) 0, 0.1xy y y y e y y y h             

Theoretical solution:  21
( ) 43 9 16 6

36

x x x xy x e e e xe      

Table 7 shows the numerical solution and the maximum error c exy y  of Problem 7 when 

solved by the new method. 

Problem 8 

46( ) , (1) 1, (1) 1, (1) 2, 0.05y y y y y h            

Theoretical solution: 
1

( )
( 2)

y x
x




 

Table 8 shows the numerical solution, the maximum error c exy y  and the time of execution to 

measure its efficiency of Problem 8 when solved by the new method. 
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Problem 9  

0, (0) 1, (0) 0, (0) 1,

0.01.

y y y y y y y

h

           


 

Theoretical solution:  ( ) cosy x x  

Table 9 shows the numerical solution, the maximum error c exy y  and the time of execution to 

measure its efficiency of Problem 9 when solved by the new method. 

Problem 10   
23 5 2 6 5 , (0) 1, (0) 1,

(0) 3

y y y y x x y y

y

           

  
 

Theoretical solution: 
2( ) sin(2 )x xy x x e e x    

Table 10 shows the numerical solution, the maximum error 
c exy y  and the time of execution 

to measure its efficiency of Problem 10 when solved by the new method. 

The following notations are used 

 3 4S PHM : 3 Step 4 Point Hybrid Method 

 b: different end point of integration 

 TS: Total number of sub intervals 

 exy : Theoretical solution 

 cy : Numerical solution 

 eA : Maximum error 

 ( )et s : Time of execution in Microseconds
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Table 1. Numerical results and Comparison of errors for Problem 1 3, 8, 0.1k p h    

b     TS               exy                                  cy                                     eA             Modebei et al. 

                                                        [17], 3, 9k p            

  5      30      0.0049875166547672      0.0049875166547652       2.168404e-17          2.14e-12           

          45      0.0198010636244590       0.0198010636244264      7.667478e-16          3.79e-14      

          60      0.0439995722044353       0.0439995722044285      6.862566e-15          1.32e-15     

  10    60      0.0768674919974065       0.0768674919971374      2.063627e-14          4.81e-12     

          75      0.1174433176497239       0.1174433176497062      4.825307e-14          5.24e-13     

          90      0.1645579210356238       0.1645579210355062      1.176559e-13          8.52e-14    

  15    75      0.2168811607062050       0.2168811607061243      2.019773e-13          4.69e-11   

          90      0.2729749104314919       0.2729749104312486      3.265166e-13          7.70e-12   

          105    0.3313503927549541       0.3313503927543995      5.546119e-13          1.66e-12 

          90      0.3905275318525895       0.3905275318525248      7.848167e-13          1.75e-10         

 

 

 

 

 

 

Table 2. Numerical results and Comparison of errors for Problem 2 3, 8, 0.1k p h    

   x           exy                   cy                eA       Error in Awoyemi et 

                                                                                                                                   al.[18], 5, 9k p                   

   0.1       3.1251709180756477       3.1251709180756471       4.440892e-16           0.0000e-00 

   0.2       3.3014027581601697       3.3014027581601239       1.376677e-14           2.8422e-13 

   0.3       3.5298588075760033       3.5298588075760193       1.598721e-14           1.6729e-12 

   0.4       3.8118246976412706       3.8118246976412596       1.643130e-14           2.9983e-11 

   0.5       4.1487212707001282       4.1487212707001253       8.881784e-15           3.1673e-11 

   0.6       4.5421188003905097       4.5421188003904778       3.197442e-14           9.1899e-11 

   0.7       4.9937527074704775       4.9937527074704615       2.309264e-14           8.9531e-11 

   0.8       5.5055409284924695       5.3982722654981785       2.486900e-14           1.9168e-10 

   0.9       6.0796031111569526       6.0796031111569375       1.509903e-14           2.1111e-10 
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   1.0       6.7182818284590482       6.7182818284590371       3.019807e-14           4.9398e-10 

    

Table 3. Numerical results and Comparison of errors for Problem 3 3, 8, 0.1k p h    

   x           exy                        cy                                    eA                Error in Kashkari        

                                                                                                                                                             & Alqarni, [19], 

                                                                                                                                                             3, 9k p       

   0.1        0.9900124958340770       0.9900124958340766       3.774758e-15         4.1078e-15   

   0.2        0.9601997335237251       0.9601997335237256       2.220446e-16         1.6875e-14 

   0.3        0.9110094673768181       0.9110094673768163       1.776357e-15         5.0848e-14 

   0.4        0.8431829820086554       0.8431829820086507       1.665335e-15         1.1779e-13 

   0.5        0.7577476856711178       0.7577476856711180       4.218847e-15         2.4081e-13 

   0.6        0.6560068447290344       0.6560068447290355       1.110223e-15         4.3709e-13 

   0.7        0.5395265618534650       0.5395265618534664       7.105427e-15         7.3708e-13 

   0.8        0.4101201280414957       0.4101201280414976       7.771561e-15         1.1662e-12 

   0.9        0.2698299048119925       0.2698299048120023       9.714451e-15         1.7587e-12 

   1.0        0.1209069176044184       0.1209069176044767       1.507128e-14         2.5466e-12 

 

 

 

 

Table 4. Numerical results and Comparison of errors for Problem 4, 3, 8, 0.1k p h    

   x                     exy                                    cy                               eA                Error in Adoghe        

                                                                                                                                                & Omole, [20]       

    0.1      1.050041729278491400      1.050041729369078900      9.058754e-11       3.3307e-16 

    0.2      1.100335347731075800      1.100335348536302100      8.052263e-10       3.6746e-13 

    0.3      1.151140435936467000      1.151140438940802000      3.004335e-10       2.6199e-09 

    0.4      1.202732554054082300      1.202732561923759000      7.869677e-09       1.7307e-08 

    0.5      1.255412811882995700      1.255412828889007000      1.700601e-09       5.8127e-08 

    0.6      1.309519604203112100      1.309519636789381300      3.258627e-09       1.4214e-07 

    0.7      1.365443754271396400      1.365443811831118500      5.755972e-08       2.8366e-07 

    0.8      1.423648930193602200      1.423649026147731000      9.595413e-08       4.9755e-07 

    0.9      1.484700278594052200      1.484700431913873200      1.533198e-08       7.9519e-07 
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    1.0      1.549306144334055400      1.549306381725843900      2.373918e-07       1.1822e-06 

 

Table 5: Comparison of Numerical results for Problem 5, 3, 8, 0.1k p h    

   x                                 
cy                                cy  in Adoghe & Omole [20]                                                             

  0.1           0.004999958333925108                  0.004999958334 

  0.2           0.019998666643451606    0.019998666843 

  0.3           0.044989879385560247    0.044989878832 

  0.4           0.079957357138892723    0.079957372944 

  0.5           0.124870055528146960    0.124870034341 

  0.6           0.179676815966278940    0.179677059379 

  0.7           0.244303601485360510    0.244303394383 

  0.8           0.318643838964219660    0.318645494176 

  0.9           0.402568546161517270    0.402567554422 

  1.0           0.495890885929872240    0.495898354558 

 

 

 

 

 

 

 

 

Table 6. Numerical results for Problem 6, 3, 8, 0.1k p h    

    x                              exy                                          cy                                      eA                    

   0.1            0.1098250860907768               0.1098250860907769              1.636780e-16         

   0.2            0.2385361751125785               0.2385361751125786              1.942890e-16          

   0.3            0.3848472284101276               0.3848472284101272              4.440892e-16          

   0.4            0.5472963543028797               0.5472963543028726              1.776357e-15          

   0.5            0.7242604148234562               0.7242604148234573              1.665335e-15          

   0.6            0.9139712435756802               0.9139712435756791              1.110223e-15          

   0.7            1.1145333126687111               1.1145333126687148              7.549517e-15          

   0.8            1.3239426722051881               1.3239426722051825              4.440892e-16          

   0.9           1.5401069730861576               1.5401069730861598              2.220446e-15 

   1.0           1.7608663730716114               1.7608663730716119              1.110223e-15          
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Table 7. Numerical results for Problem 7, 3, 8, 0.1k p h    

   x                               exy                                          cy                                       eA                     

  0.1           1.2008137983659488                1.2008137983659457               4.218847e-15          

  0.2            1.4063738319947532                1.4063738319947469               3.441691e-14          

  0.3            1.6211125663343329                1.6211125663343400               1.021405e-13          

  0.4            1.8492349517044138                1.8492349517042301               2.120526e-13          

  0.5            2.0948300925243486                2.0948300925242456               4.507505e-13          

  0.6            2.3619703731235751                2.3619703731235733               6.838974e-13          

  0.7            2.6548012251017616                2.6548012251018234               9.849899e-13          

  0.8            2.9776242436411207                2.9776242436432563               1.461054e-12          

  0.9            3.3349759807254569                3.3349759807235646               1.892264e-12          

  1.0            3.7317044453680599                3.7317044453664352               2.387424e-12          

 

 

 

 

 

Table 8. Numerical results for Problem 8, 3, 8, 0.1k p h    

      x                         exy                                       cy                                  eA                ( )et s  

    1.05        -1.0526315789473684          -1.0526315779293796          1.017989e-09       0.029   

     1.10        -1.1111111111111112           -1.1111110853730750         2.573804e-08       0.031   

     1.15        -1.1764705882352944           -1.1764704664689964         1.217663e-07       0.032   

     1.20       -1.2500000000000002           -1.2499996375184190          3.624816e-07       0.032   

     1.25       -1.3333333333333337           -1.3333324687923525          8.645410e-07       0.032   

     1.30       -1.4285714285714290           -1.4285696093065769          1.819265e-06       0.033   

     1.35       -1.5384615384615392           -1.5384579871365800          3.551325e-06       0.033   

     1.40       -1.6666666666666676           -1.6666600337776776          6.632889e-06       0.033   

     1.45       -1.8181818181818195           -1.8181697022691894          1.211591e-05       0.034   

     1.50       -2.0000000000000018           -1.9999779695058428          2.203049e-05       0.034   
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Table 9. Numerical results for Problem 9, 3, 8, 0.1k p h    

    x                        exy                                        cy                                 eA                  ( )et s  

    0.1       0.995004165278025710        0.995004165278025720          3.885781e-18    0.0405   

    0.2       0.980066577841241630        0.980066577841242410          6.483702e-16    0.0443   

    0.3       0.955336489125605980        0.955336489125600100          5.884182e-15    0.0695 

    0.4       0.921060994002885100        0.921060994002833000          1.329603e-15    0.0483   

    0.5       0.877582561890372650        0.877582561886991330          3.381406e-15    0.0497     

    0.6       0.825335614909678110        0.825335614909678880          7.771561e-16    0.0754 

    0.7       0.764842187284488270        0.764842187270708270          1.378786e-15    0.0549   

    0.8       0.696706709347165170        0.696706709323105170          2.406098e-15    0.0562     

    0.9       0.621609968270663950        0.621609968270670050          6.106227e-15    0.0807 

    1.0       0.540302305868139320        0.540302305807189320          6.095324e-15    0.0590   

  

 

 

 

Table 10. Numerical results for Problem 10, 3, 8, 0.1k p h    

   x                           exy                                            cy                                    eA                  ( )et s  

  0.1        -0.915407473756112420        -0.915407473756113530        1.110223e-15      0.0793   

  0.2        -0.862573985499429210        -0.862573985499429760        5.551115e-16      0.0950   

  0.3        -0.841561375114168840        -0.841561375114167620        1.221245e-15      0.1125   

  0.4        -0.850966529765556200        -0.850966529765555870        3.330669e-16      0.1270   

  0.5        -0.888343319155555420        -0.888343319155558640        3.219647e-15      0.1447   

  0.6        -0.950604904717254890        -0.950604904717256780        1.887379e-15      0.1629   

  0.7        -1.034392853932995000        -1.034392853932995200        2.220446e-16      0.1808   

  0.8        -1.136403556878909700        -1.136403556878907900        1.776357e-15      0.1957   

  0.9        -1.253666211231613900        -1.253666211231615300        1.332268e-15      0.2121   
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  1.0        -1.383769999219784100        -1.383769999219783600        4.440892e-16      0.2279 

 

 

 

5. Discussion of Results 

Problems 1-5 in Modebei et al. (2021), Awoyemi et al. (2014), Kashkari and Alqarni, (2019), 

Adoghe and Omole, (2019) were solved with the 3-step approach of order 8, in Modebei et al. 

(2021), Awoyemi et al. (2014), Kashkari and Alqarni, (2019) and despite their higher order of 

accuracy and step number, the results in Tables 1-5 indicate better accuracy than the previous 

approaches. The novel method was also utilized to solve more linear and nonlinear issues 6-10 of 

third order initial value ODEs, with the results in Tables 6-10 demonstrating that the method is 

practical and efficient. 

6. Conclusion 

A predictor-corrector technique was created, with the main predictor having the same order of 

accuracy as the corrector. The approach was found to be zero stable, consistent with order eight, 

and with a low error constant during testing. The method's accuracy is improved by developing 

predictors with the same order of accuracy as the corrector. 

The method was used to directly solve both linear and nonlinear third order differential 

equations problems.
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